Abstract. An open cover of a topological space is said to be an ω-cover if there is for each finite subset of the space a member of the cover which contains the finite set, but the space itself is not a member of the cover. We prove theorems which imply that a set X of real numbers has Rothberger's property C if, and only if, for each positive integer k, for each ω-cover U of X, and for each function f : [U] 2 → {1, . . . , k} from the two-element subsets of U , there is a subset V of U such that f is constant on [V] 2 , and each element of X belongs to infinitely many elements of V (Theorem 1).
Gerlits and Nagy [3] introduced the notion of an ω-cover as defined above in the abstract. Let Ω be the set of all ω-covers of X. These authors call X an -space if each ω-cover has a countable subset which is an ω-cover. All separable metric spaces are -spaces. An open cover U of X is said to be a large cover if for each x ∈ X the set {U ∈ U : x ∈ U} is infinite. Let Λ be the set of all large covers and O the set of all open covers of X.
For collections A and B of subsets of the set S the symbol S 1 (A, B) denotes the property that there is for each sequence (O n : n = 1, 2, 3, . . . ) of elements of A a sequence (T n : n = 1, 2, 3, . . . ) such that for each n T n ∈ O n , and {T n : n = 1, 2, 3, . . . } ∈ B. Associated with this property we have the game G 1 (A, B): Two players, ONE and TWO, play an inning per positive integer. In the n-th inning ONE chooses a set O n ∈ A, and TWO responds with T n ∈ O n . A play (O 1 , T 1 , O 2 , T 2 , . . . ) is won by TWO if {T n : n = 1, 2, 3, . . . } is in B; otherwise, ONE wins.
In the paper [9] where he introduced it, Rothberger used the symbol C to denote the property [2] and Pawlikowski proved in [7] : Theorem 1 (Pawlikowski) . X has property S 1 (O, O) if, and only if, ONE does not have a winning strategy in the game G 1 (O, O).
For A and B as above the symbol S fin (A, B) denotes the property that there is for each sequence (O n : n = 1, 2, 3, . . . ) of elements of A a sequence (T n : n = 1, 2, 3, . . . ) such that for each n T n is a finite subset of O n , and
The game G fin (A, B) associated with this property is as follows: Two players, ONE and TWO, play an inning per positive integer. In the n-th inning ONE chooses a set O n ∈ A, and TWO responds with a finite subset T n of O n . A play It was shown in [5] and [10] through [12] that Rothberger's property, Menger's property and some other covering properties of topological spaces are intimately connected with Ramsey theory. The following two Ramseyan partition relations are relevant for our paper. Let collections A, B 1 , . . . , B k of subsets of S and positive integer n be given. The first of the two partition relations we are interested in is denoted by the symbol
This symbol means that for each A ∈ A and for each f : [A] n → {1, . . . , k} there are an i ∈ {1, . . . , k} and a subset B of A such that B ∈ B i and f (T ) = i whenever
n . The subset B of A is said to be homogeneous for f . If each B i is equal to the class B, then we abbreviate the symbol as A → (B) n k . Ramsey's famous theorem in [8] essentially states for A the collection of infinite subsets of the positive integers that for all n and k, A → (A) 2 → {1, 2, . . . , k} there are a large cover V ⊂ U of X and a j ∈ {1, 2, . . . , k} such that for each {A,
The second partition relation is denoted by the symbol
k . This symbol means that for each A ∈ A and for each f : [A] 2 → {1, . . . , k}, there are an element B ∈ B, an i ∈ {1, . . . , k} and a finite-to-one function g with domain B such that f ({b, c}) = i whenever g(b) = g(c). We say that B is eventually homogeneous for f . This partition relation (but not the notation) was introduced in [1] , where the authors showed that an ultrafilter U on the set of positive integers is a P-point ultrafilter if, and only if, for all k it satisfies the partition relation
The Ramseyan partition relations given in [10] through [12] for Rothberger's property and for Menger's property all stopped short of finding a big homogeneous set for the partitions, but gave big end-homogeneous (eventually end-homogeneous in case of Menger's property) sets. We now cure this shortcoming.
Rothberger's property
By the proof of Theorem 17 of [10] X has property S 1 (Λ, Λ) if, and only if, it has property S 1 (O, O). Right after Theorem 14 of [10] I stated the following analogue of Pawlikowski's theorem without proof: Theorem 3. X has property S 1 (Λ, Λ) if, and only if, ONE does not have a winning strategy in the game G 1 (Λ, Λ).
Proof. It is easy to see that if ONE has no winning strategy in G 1 (Λ, Λ), then X has property S 1 (Λ, Λ).
Suppose that X has property S 1 (Λ, Λ). We must show that ONE does not have a winning strategy in G 1 (Λ, Λ). Let F be a strategy for ONE. Since X has property S 1 (Λ,
For each n ∈ N define: X n := X × {n}. Then the X n 's are disjoint. With τ denoting the topology of X, each τ n := {U × {n} : U ∈ τ} is a topology for X n . The set ∞ n=1 τ n generates a topology on
fix m 1 and n 1 such that T 1 = φ m1 (F (X))×{n 1 }, and put T 1 = φ m1 (F (X)). Define G(T 1 ) to be {φ m (F (T 1 )) × {n} : m ≥ n ≥ 1 and φ m (F (T 1 )) = T 1 }. Let T 2 be an element of G(T 1 ) and choose m 2 and n 2 such that
and so on. By Pawlikowski's theorem G is not a winning strategy. Choose a play
By unravelling the definition of G we find sequences T 1 , T 2 , . . . , T k , . . . , m 1 , m 2 , . . . , m k , . . . and n 1 , n 2 , . . . , n k , . . . such that T 1 = φ m1 (F (X)) and for each k:
is a large cover of X and F is defeated.
Following [3] we call a space an -space if each open ω-cover has a countable subset which is an ω-cover. A space is metacompact if each open cover has an open point-finite refinement. In the proof of the following theorem we use the fact that, if an ω-cover is partitioned into finitely many subfamilies, then at least one of these pieces is also an ω-cover.
Theorem 4.
For a metacompact -space X with no isolated points, the following are equivalent:
1. X has property S 1 (O, O).
For each positive integer
Proof. Towards proving 1 ⇒ 2, let U be an ω-cover of X, let k be a positive integer and let f : [U] 2 → {1, 2, . . . , k} be a coloring. We may assume that U is countable. Enumerate it bijectively as (U n : n < ω), and recursively choose an ω-sequence (U 0 , i 0 ), (U 1 , i 1 ) , . . . such that U 0 = {U n ∈ U : n > 0 and f({U 0 , U n }) = i 0 } is an ω-cover of X, and for each m U m+1 = {U n ∈ U m : n > m+1 and f ({U m+1 , U n }) = i m+1 } is an ω-cover.
For each j ∈ {1, . . . , k} define W j = {U n ∈ U : i n = j}. Then for each n U n ∩ W 1 , . . . , U n ∩ W k is a partition of the ω-cover U n into k disjoint parts; choose j n such that U n ∩ W jn is an ω-cover. Then there is a fixed j such that for infinitely many n we have j n = j. Since the sequence of U n 's is decreasing, this means that for each n U n ∩ W j is an ω-cover of X. Now define a strategy σ for ONE in the game G 1 (Λ, Λ) as follows: Let n 0 be minimal such that U n0 ∈ U 0 ∩ W j , and let ONE's first move be σ(X) = U n0 ∩ W j . If TWO responds to this with U n1 ∈ σ(X), then ONE plays σ(U n1 ) = U n1 ∩ W j . If TWO now chooses U n2 ∈ σ(U n1 ), then ONE plays σ(U n1 , U n2 ) = U n2 ∩ W j , and so on.
Since σ is not a winning strategy for ONE, let σ(X), U n1 , σ(U n1 ), U n2 , σ(U n1 , U n2 ), . . . be a play lost by ONE. Then {U n1 , U n2 , . . . } is a large cover for X such that for each t n t < n t+1 and U nt+1 ∈ U nt ∩ W j . Then {U n1 , U n2 , . . . } is homogeneous of color j for f .
2 ⇒ 3: No large cover is point-finite. Thus, 3 follows from 2. 3 ⇒ 1: In Theorem 17 of [10] it was proved that S 1 (O, O) is equivalent to S 1 (Ω, O). We show that the partition relation of 3 implies S 1 (Ω, O).
Let (U n : n < ω) be a sequence of ω-covers of X. By Lemma 3 of [10] choose for each n a point-finite open refinement W n of U n such that W m ∩ W n = ∅ whenever m = n (here we use "X is metacompact with no isolated points"). Also choose a partition (Y n : n ∈ N) of ω into disjoint sets such that Y n has cardinality n.
For each n put R n := {S j1 ∪ · · · ∪ S jn : S ji ∈ W ji and j i ∈ Y n } (the j i 's are taken to be distinct). Each R n is a point-finite cover of X. We may assume that X is not in any of the R n 's. Let U be the ω-cover
Since homogeneous sets of color 1 for φ are point-finite, the partition hypothesis gives a subset W of R which is homogeneous of color 0 and is a large cover of X. By dismantling the elements of W we find a sequence of sets with for each n the n-th term from W n , such that this sequence covers X. Then for each n choose a set from U n which contains the n-th term of this sequence.
Menger's property
In [5] it was shown that having property S fin (O, O) is equivalent to having property S fin (Λ, Λ). Using ideas in the proof of Theorem 3 and Hurewicz's theorem instead of Pawlikowski's one can show: Theorem 5. The space X has property S fin (Λ, Λ) if, and only if, ONE does not have a winning strategy in G fin (Λ, Λ).
By the methods of [10] X has Menger's property if, and only if, it has property S fin (Ω, Λ). Using this and Theorem 5 we obtain: Theorem 6. For any -space X the following are equivalent:
1. X has Menger's property.
For each positive integer k, Ω → ((Λ))
Proof. The implication 2 ⇒ 1 is proved like the implication 3 ⇒ 1 of Theorem 4. To prove 1 ⇒ 2 we proceed as in the proof of 1 ⇒ 2 of Theorem 4: From the countable ω-cover U and the coloring f : [U] 2 → {1, . . . , k} we obtain a sequence of U n 's and i n 's exactly as we did there. Then we find an ω-cover W j just as there. Now comes the difference. Instead of the game G 1 (Λ, Λ) played in the proof of Theorem 4 we now play G fin (Λ, Λ). By Theorem 5 ONE has no winning strategy in this game. Define a strategy σ for ONE as follows. The first move is like the one in the proof of Theorem 4. If TWO chooses the finite subset {U n1 , . . . , U n k } from ONE's most recent move, and this listing is in order of increasing subscripts, then ONE responds with the strategy σ from the proof of Theorem 4 as if TWO played U n k .
A play with this strategy which is lost by ONE produces an eventually homogeneous large cover of color j for X.
